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Abstract. The Camassa-Holm equation possesses well-known peaked 
solitary waves that are called peakons. Their orbital stability has been 
established by Constantin and Strauss in |6j. We prove here the stability 
of ordered trains of peakons. We also establish a result on the stability of 
multipeakons. 

1 Introduction 

The Camassa-Holm equation (C-H) K , k > 0, 

ut - u t xx = -2ku x - 3uu x + 2u x u xx + uu xxx , (t, x) G M 2 , (1) 

can be derived as a model for the propagation of unidirectional shalow water 
waves over a flat bottom by writing the Green-Naghdi equations in Lie- 
Poisson Hamiltonian form and then making an asymptotic expansion which 
keeps the Hamiltonian structure ([3], [19J). It was also found independently 
by Dai [10] as a model for nonlinear waves in cylindrical hyperelastic rods 
and was, in fact, first discovered by the method of recursive operator by 
Fokas and Fuchsteiner [16] as an example of bi-Hamiltonian equation. 

(C-H) K is completely integrable (sec |3j,[4j). It possesses among others 
the following invariants 

(2) 



E{v) = I v (x) + v x {x) dx and F(v) = / v (x) + v (x)v x (x) + 2kv (x) dx 
Jm Jm 



and can be written in Hamiltonian form as 

d t E'{u) = -d x F'{u) . (3) 

For k > it possesses smooth positive solitary waves <p KC with speed c > 
2k, their orbital stability has been proved in [7] by applying the classical 
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spectral method initiated by Benjamin [2] (see also [IZ])- In [15] . following 
the general method developed in [20] (see also [14]). the authors proved the 
stability of ordered trains of such solitary waves. It is worth recalling that 
this general method requires principally two ingredients : A property of 
almost monotonicity which says that for a solution close to (p KC , the part 
of the energy traveling at the right of (p K ,c(' — ct) is almost time decreasing; 
A dynamical proof of the stability of the solitary wave using the spectral 
approach (as in [2] or [17] for instance). 

In this paper we consider the Camassa-Holm equation in the case k = 0, 
that is 

ut ~ utxx = -3uu x + 2u x u xx + uu xxx , (t,x)£M 2 . (4) 

Henceforth, we refer to (|3]) as the Camassa-Holm equation (C-H). dH) pos- 
sesses also solitary waves but they are non smooth and are called peakons. 
They are given by 

u(t, x) = ip c (x — ct) = ap(x — ct) = ce' x_c *' , c G M. 

Their stability seems not to enter the general framework mentioned above 
(see the beginning of Section [3] for further commentaries on this aspect). 
However, Constantin and Strauss [6] succeeded in proving their orbital sta- 
bility by a direct approach. In this work, following the general strategy 
initiated in [20] (note that due to the reasons mentioned above, the general 
method of [20J is not directly applicable here ) , we combine the monotonicity 
result proved in [T3] with localized versions of the estimates established in 
[6] to derive the stability of the trains of peakons. 

Before stating the main result we have to introduce the function space 
where will live our class of solutions to the equation. For / a finite or infinite 
interval of M, we denote by Y(I) the function spac^] 

Y(I) := ju G C(I; H^M)) D L°°(I; W 1A (M)), u x G L°°(/; BV(M))} . (5) 

We are now ready to state our main result. 

Theorem 1.1 Let be given N velocities ci,..,ctv such that < c\ < C2 < 
.. < cat. There exists, A > 0, Lq > and So > such that if u G Y([0,T[), 
with < T < oo, is a solution of (C-H) satisfying 

N 

\\uo-Y,^(--^)\\m<e 2 (6) 

3=1 

1 W 1 ' 1 (]R) is the space of functions with derivatives in L 1 (_K) and BV(1R) is 

the space of function with bounded variation 
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for some < e < £o and — z]j_ 1 > L, with L > Lq, then there exist 
xi(t), .., X]\r(t) such that 

N 

sup Hi, •)- yw-^(*))iitfi <^+^- i/8 ) (7) 

[0,T[ J=1 

and 

Xj(t) - JEj-ift) > L/2, Vt € [0, T[ . (8) 

As discovered by Camassa and Holm [3], (C-H) possesses also special 
solutions called multipeakons given by 

N 

i=i 

where (pj(t), qj(t)) satisfy the differential system ([60]) . In p] (see also [3]), 
the asymptotic behavior of the multipeakons is studied. In particular, the 
limits as t tends to +oo and — oo of Pi(t) and q\{t) are determined. Com- 
bining these asymptotics with the preceding theorem we get the following 
result on the stability of the variety M of H 1 (iR) defined by 

N 

M '■= { v = X^' eH '~ 9jl > ^> -> PN ^ G ( M +) N > qi<Q2<-< qn] ■ 



Corollary 1.1 Let be given N positive real numbers P\,-,p% and N real 
numbers q® < .. < q%. For any B > and any 7 > there exists a > 
such that if Uq G -ff 1 (iR) safe/iei^l mo := — uo,^ £ A4+(iR) wit/* 

iv 

||"*o||jW < ||np — y^p° exp(- — < ot (9) 

iV 

VtelR, inf v ||«(t,-)- 5"Pjexp(-- gj )|| H i < 7 . (10) 

Pe(M+) N ,QeM N jr[ 



2 .M is the space of Radon measures on 1R with bounded total variation and M + (]R) 
is the subset of non-negative measures 
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Moreover, there exists T > such that 



N 



yt > T, inf \\u{t,-) - J2 X i ex P(" ~ ^Oll-ff 1 - 7 



(11) 



3=1 



and 



N 



\/t<-T, inf \\u(t,-) X N+1 -j exp(- - qj)\\m < 7 , ( 12 ) 



where Q := {Q G iR , gi < q2 < ■■ < qn} and < Ai < .. < Xn are the 



This paper is organized as follows. In Section [2] we state a well-posedness 
result for (C-H) established in [8] and [11] . This allows us to work in the 
function space Y([0,T]) that contains the peakons. Next, in Section [3] we 
present the result and the proof of Constantin and Strauss on the stability 
of peakons. Section [J] is devoted to the proof of Theorem 11.11 It is divided 
into four subsections. First we use a modulation argument in order to con- 
trol the distance between the different bumps of the solution we consider. 
Then we state a monotonicity result that was established in [T2]. In Subsec- 
tion 14.31 we establish a local version of an estimate involved in the stability 
of a single peakon. The proof of Theorem 11.11 is completed in Subsection 
14.41 In Section [5] we recall some properties of the multipeakons and prove 
Corollarv ll.il Finally in the appendix we give the proof of the monotonicity 
result for sake of completeness. 

As mentioned above, the proof of the stability of trains of peakons does 
not enter the general framework ([20], [14] , |15j ) on orbital stability of or- 
dered trains of solitary waves. However, the strategy of combining the or- 
bital stability of a single solitary wave with a monotonicity result seems to 
be quite robust. 




2 Well-posedness result 

Recall that the peakons do not belong to H 3 / 2 (M). To give a sens to these 
solutions, ([3]) has to be rewritten as 




or 



ut + uu x + (1 - dl)- x d x (u 2 + ifc/2) = . 



(14) 
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In [8], [TT] (see also |21j ) the following existence and uniqueness result is 
derived. 

Theorem 2.1 Let uq G H 1 (1R) with := uq — uq :XX G Ai(lR) then there 
exists T = T(||mo||x) > and a unique solution u G Y([—T,T]) to (C-H) 
with initial data uq. The Junctionals E(-) and F(-) are constant along the 
trajectory and if mo has a definite sign then u is global in time. 
Moreover, let {uo >n } C H l (]R) with {uo jn — d x uo :Tl } bounded in A4 + (M) such 
that «o,n — ► uo in H 1 (M). Then, for all T > 0, 

u n — >u inC^-T^H 1 ^)) . (15) 

Let us note that the last assertion of the above theorem is not explicitely 
contained in the works mentioned above. However, following the same ar- 
guments as those developped in these works (see for instance Section 5 of 
[2T]). one can prove that there exists a subsequence {u Uk } of solutions of 
(j4|) that converges in C([—T, T]; H 1 ^)) to some solution v of (|4]) belonging 
to Y(—T,T). Since uo,n fc converges to no in H 1 , it follows that v(0) = uq 
and thus v = u by uniqueness. This ensures that the whole sequence {u n } 
converges to u in C([—T,T];H 1 (1R)) and concludes the proof of the last 
assertion. 



3 Stability of a single peakon 

Recall that the classical proof of orbital stability (see [2], [17]), successfully 
used in the case k > in [7J, is based on the spectral properties of the 
second differential operator of the invariant functional L c (-) := cE(-) — F(-) 
evaluated at the solitary wave (p c . Indeed, using a Liouville substitution, it 
can be shown that the spectrum of the L 2 -self-adjoint operator 

H c := L"((p KjC ) = -d x ((2c - 2ip KjC )d x ^J - 6ip K)C - 2dl<p K , c + 2(c - 2k) 

contains a unique negative eigenvalue which is simple and that is a simple 
eigenvalue associated with d x (p K)C . The rest of the spectrum consists of a 
finite number of positive eigenvalues and of the essential spectrum [2c — 
4k, +oo[. Therefore, controlling the negative direction by modulating the 
velocity c and using that (E' (ip KtC ),u — tp K)C ) ~ (since E(-) is conserved) 
and the kernel direction by choosing a suitable translation <p KC ('~ r ) of (p K ,c, 
the orbital stability is proven by writing the Taylor expansion of cE(-) — F(-) 
at (p K ,c, recalling that cE'(ip KtC ) — F'(ip K ^ vanishes. 
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Now, in the case k = 0, H c is degenerate since <^ K)C (0) = c and the Liou- 
ville substitution is no more well-defined. However, Constantin and Strauss 
(cf. [6]) succeeded in proving the orbital stability by a direct approach (see 
also [9] for another stability result using Cazenave-Lions method). Actually, 
a by-product of their proof is the following very rigid property : for any 
function v in some .ff ^neighborhood of cp c it holds 

\\v ~ M- ~ Ofm £ \E{v) - E{y c )\ + ^c\L c {v)-L c {ip c )\ . 

where v(£) = max?;. Since E(-) and F(-) are conserved and are continuous 
Si 

functional on H 1 (M), this clearly leads to the orbital stability. 

Since we will use similar considerations, we present here a sketch of the 
proof of the stability of peakons (Theorem I3.1|) proved by Constantin and 
Strauss in [6j. 

Theorem 3.1 Let be given c > . There exist C > and Eq > such that 
ifue C([0,T[;H 1 (M)) is a solution of Q such that E{u(t)) and F{u(t)) 
are conserved quantities on [0, T[ and \\u(0) — (PcWh 1 ^ £<2 ! then 

\\u(t,-)-<p c (--r(t))\\ H i^CVi, Vt£[0,T[, (16) 

where r(t) £ M is any point where the function u(t, •) attains its maximum. 

The proof of this theorem is principally based on the following lemma of [6 J . 

Lemma 3.1 For any u £ ff 1 (iR) and £ £ Ft, 

E(u) - E{ip c ) = \\u - ip c {- - i)\\m + " c). (17) 

For any u £ H 1 (M), let M = max. x& ]n{u(x)} , then 

F(u) ^ ME(u) - -M 3 . (18) 
3 

Remark 3.1 It is worth noticing that fli7| ) ensures that the minimum of 
the H l -distance between u and {</? c (" — £)> £ £ ^} ^ s exactly reached at any 
point £ where u attains its maximum on M. 

Proof of TheoremQLl] Let u £ C([0, T[; H l (FL)) be a solution of (gj) with 
||u(0) — V5 c ||/fi ^ £ 2 and let £(t) £ iR be such that u(t,£(t)) = maxjRn(t,-). 
By the remark above, 1 1— * \\u(t) — cp c (- — £(i))||#i is continuous on [0,T[ and 
||u(0) — <£> c (- — £(0))||#i ^ e 2 . Moreover, as shown in [BJ, it is no to hard to 
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check that for any v £ H 1 (M) such that ||u — Vcllif 1 < 7 f° r some 7 < 1, it 
holds 

- #(</>c)| < 4 C7 and |F(u) - F(<p c )\ < 10 cry. (19) 
^From the conservation laws it follows that for any t £ [0,T[ 

\E(u(t)) - E(ip c )\ < 4ce 2 and \F(u(t)) - F{ip c )\ < Wee 2 . (20) 

Therefore, by a classical continuity argument, it suffices to prove that for any 
v G H 1 (M) satisfying (f20l) and \\v — <p c (-— OWh 1 ^ with v(£) = maxRB, 
it holds actually 

Setting M = v(£) and 5 = c — M = c — v(£), we notice that (fT7|) ensures 
that for 5 < 0, 

\\v ~ M- ~ OIIhi < #M " £(¥>c) < e 2 - 

Hence to prove the stability it remains to examine the case 5 > 0, that is 
the maximum of the function u is less than the maximum of the peakon ip c . 
Substituting M by c - 5 in (JIH]>. using ^20} and that 

E(p c ) = 2c 2 and F(^ c ) = ^c 3 , (21) 
one can easily check that 

- 0(e 2 ) < (c - <5)(2c 2 + 0(e 2 )) - |( c - <5) 3 

which leads to 

<5 2 (c- 5/3) < 0(e 2 )- (22) 

On the other hand, on account of the hypothesis \\v — (p c (- — < e 1 ^ 4 

and of the continuous embedding of H 1 (1R) into L°°(iR), it holds 5 < c/2 
for e small enough. Therefore (|22|) ensures that 5 ^ Ce, the constant C 
depending only on c. This estimate on 5 combining with (|17p and (|20p 
concludes the proof of Theorem 13. 11 

4 Stability of multipeakons 

For a > and L > we define the following neighborhood of all the sums of 
N peakons of speed ci, .., cat with spatial shifts Xj that satisfied Xj—Xj-i > L. 

N 

U{a,L) = \ueH 1 {M), inf ||u - YV,(- - Xj)\\ H x < a] . (23) 
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By the continuity of the map t \—* u(t) from [0, T[ into H l (]R), to prove 
Theorem 11.11 it suffices to prove that there exist A > 0, £q > and Lq > 
such that VL > Lo and < e < £o, if uq satisfies © and if for some 
< t < T, 

u(t) e U (A(^e + L- 1/8 ), L/2) for all t G [0, to] (24) 

then 

^et/^ + i- 1 / 8 ),^). (25) 

Therefore, in the sequel of this section we will assume ()24j) for some < e < 
£q and L > Lq, with A, so and Lo to be specified later, and we will prove 



4.1 Control of the distance between the peakons 

In this subsection we want to prove that the different bumps of u that are 
individualy close to a peakon get away from each others as time is increasing. 
This is crucial in our analysis since we do not know how to manage strong 
interactions. 

Lemma 4.1 Let uq satisfying (0). There exist Qo > 0, Lq > and Co > 
such that for all < a < ctQ and < Lq < L if u(t) £ U(a,L/2) on [0, to] 
for some < to < T then there exist C 1 -functions x\, ..,xn defined on [0, to] 
such that 

j t x i = c i + 0(Vcl) + 0(L- 1 ), i = l,..,N, (26) 

TV 

IN*) " E ^ - = °(V^) » (27) 

i=l 

Xi(t) - Xi-!(t) > 3L/4 + ( Ci - Q_i)t/2, i = 2, ., AT. (28) 
Moreover, setting Ji := yi+\{t)\, i = 1,..,N, with 

Vi = -oo, yjv+i = +oo and yi(t) = Xl ~ l ^> ^ Xl ^> i = 2,..,N, (29) 
it holds 

\xi{t) - Xi(t)\ < L/12, i = 1, .., N. (30) 
where xi(t), ..,xjsr(t) are any point such that 

u(t, Xi(t)) = maxu(t), i = l,..,iV. (31) 

Ji(t) 



S 



Proof. To prove this lemma we use a modulation argument. The strategy 
is to construct N ^-functions x±,..,xn on [0, to] satisfying a suitable or- 
thogonality condition, see (|36p . Thanks to this orthogonality condition we 
will be able to prove that the speed of the Xi stays close to Cj on [0, to]. 

Remark 4.1 It is crucial to note that in the previous works on stability 
of sum of solitary waves (]2U$, \14h IIM) one nee ds similar modulation to 
ensure (among other things) that v remains in a subspace of codimension 
two of H 1 (1R) where the operator H c (see the beginning of this section) is 
positive. Here, as already mentioned, we do not use such operator in the 
proof of orbital stability of peakons but we still need a modulation to ensure 
that the different bumps of u get away from each others. 

For Z = (zi, .., zjy) E M N fixed such that Zi — > L/2, we set 

N 



1=1 



For < a < oto we define the function 

Y : (-a, a) N x B H i(R z ,a) -» lR n 

(yx,..,y N ,u) i ^ {Y 1 (y 1 ,..,y N ,u),..,Y N (y 1 ,..,y N ,u)) 

with 

r N 

Y l (yi,..,y N ,u) = / (u-y2(p Cj (- - zj -yj))d x (p Ci (- - Zi-yi) . 
JmK i=i ' 

Y is clearly of class C 1 . For i = 1,..,N, 

N 



dY r 
dyi 



(yi,..,y N ,u) = / (u x - S2 / d x (p c A—Zj-yj))d x (p Ci (— Zi-yi) dx . 
Jm^ j=1J¥i Jm J 

(32) 



and Mj ^ i 

dyj jm 

Hence, 



(yi,..,y N ,u) = / d x <p Cj (- - zj - yj)d x cp Ct (- - Zi - yi)dx . 



dY 

dyi 



(0,..ARz) = \\d x ^ Cl \\ 2 L 2>cl. (33) 
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and, for j / i, using the exponential decay of ip c and that Zi — Zi-i > L we 
infer that for Lq large enough (recall that L > Lq), 

dY i f 
— (0,..,0,Rz) = / d x ip Cj (- - Zj)d x ip Ci (- - Zi)dx 

< 0(e" L / 4 ). 

We deduce that, for L > large enough, D( yi ,.., yN )Y(0, .., 0, Rz) = D + 
P where D is an invertible diagonal matrix with < (ci)~ 2 and 

||-P|| £ 0(e~ L / 4 ). Hence there exists Lq > such that for L > Lq, 
D( yi ^ yN jY(0, ..,0,Rz) is invertible with an inverse matrix of norm smaller 
than 2 (ci)~ 2 . From the implicit function theorem we deduce that there ex- 
ists (3q > and C 1 functions (yi,..,?Mr) from B(Rz,f3o) to a neighborhood 
of (0, .., 0) which are uniquely determined such that 

Y(y 1 ,..,y N ,u) = for all u G B(R z ,/3 ) ■ 

In particular, there exits Co > such that if u G B(Rz, (3), with < /3 < (3q, 
then 

AT 

^|^(n)| <C /3 ;. (34) 
i=i 

Note that /3o and Co only depend on c\ and Lo an d not on the point 
(zi,..,zn)- For u £ B(Rz,Po) we set Xi(u) = z% + Vi{u). Assuming that 
/?o < (xi,--,xn) are thus C 1 -functions on B(Rz,f3) satisfying 

Xj(u) - Xj-i(u) > L/2 - 2C f3 > L/4 . (35) 

For L > L and < a < ao < /3q/2 to be chosen later, we define the 
modulation of u £ U(a, L/2) in the following way : we cover the trajectory 
of u by a finite number of open balls in the following way : 

|u(t), t G [0,t ]} C (J B(R zk ,2a) 
k=l,..,M 

It is worth noticing that, since < a < ao < (3q/2, the functions Xj(u) 
are uniquely determined for u £ B(R Z k\,2a) n B{R z y ,2a). We can thus 
define the functions i Xj(t) on [0, io] by setting Xj(t) = Xj(u(t)). By 
construction 

f N 

/ («(«,-)- Y l Vc i (--Xj(t)))d x <p Ci (--x i (t))dx = 0. (36) 
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Moreover, on account of (|34p and the fact that (p" c is the sum of a L 1 function 
and a Dirac mass it holds 

Mt)\\w <<W3, Vt6[0,t ]. (37) 
Let us now prove that the speed of xt stays close to a. We set 

N 

Rj(t) = (p c .(- - Xj(t)) and v(t) = u(t) - } Rj(t) = u(t, •) - . 

i=l 

Differentiating (136H with respect to time we get 

v t d x Ri = xt {dlRi , v) H -i iH i, . 

Jm 

and thus 



v t d x Ri 



M 



< |ii|0(||u|| H i) < \k ~ cdO(Hffi) + 0(\\v\\ H i) • (38) 



Substituting u by v + Ylj=i Rj m $M an d using that Rj satisfies 

d t Rj + ( Xj - Cj )d x Rj + Rjd x Rj + (1 - d 2 x )~ l d x [u 2 + u 2 x /2] = , 
we infer that v satisfies on [0, to], 



v t 



N N N 

- c^Rj = --d x [(v + e Rj? - E R f\ 

j=l - j=l j=l 



N 



3=1 

A 1 



N 



N 



-(1 - d 2 x )- l d x [{v + E^) 2 " E^f + 2^ + E^') 2 " 2 

j'=i i=i i=i 3=1 

Taking the L 2 -scalar product with d x Ri, integrating by parts, using the 
decay of Rj and its first derivative, ([37]) . ([38]) and ([35]) . we find 

|ii - ce| (ll^H^ + O(VS)) < O(VS) + 0(e- L / 8 ) . (39) 

Taking ao small enough and Lq large enough we get \xi — Cj| < (c, — Cj_i)/4 
and thus for all < a < ao and L > Lq > 3CqE, it follows from ([6]), (p4l) 
and (ESI) that 



%(t) - %-i(t) > L — Cqe + (cj - Cj-x)t/2, Vt G [0, t ] • (40) 



11 



which yields (1281) . 

Finally from (|37p and the continuous embedding of into L°°(iR), we 

infer that 

u(x) = R R {x) +0{y^t), VxeM. 

Applying this formula with x = xi = maxj.( t ) u(t) and taking advantage of 
([28]) . we obtain 

u( Xi ) = a + 0( v / a) + 0(e" L/4 ) > 2q/3 . 
On the other hand, for x £ Ji\]xj — L/12,Xj + L/12[, we get 
u(a;) < c ie " i/12 + O(v/o) + 0(e" L/4 ) < q/2 . 
This ensures that x% belongs to [xi — L/12,X{ + L/12]. 

4.2 Monotonicity property 

Thanks to the preceding lemma, for eo > small enough and Lq > large 
enough, one can construct (^-functions x\, .., £/v defined on [0, to] such that 
([26]) - ([30]) are satisfied. In this subsection we state the almost monotonicity 
of functionals that are very close to the energy at the right of the ith bump, 
i = 1, .., N — 1 of u. The proof is similar to the one of Lemma 4.2 in |15j . 
We give it in the appendix for sake of completeness. 

Let * be a C°° function such that < * < 1, ^' > on JR, < 
10|tf'| on [-1/2,1/2], 

, v_ f e-N x<-l/2 f < 2e~W on [-1/2,0] 

[X) ~ \ 1 - e"N x > 1/2 { 1 " < 2e ~ N on P. x /2] 

Setting m K = ty(-/K), we introduce for j £ {2, .., N}, 

I jtK (t)=I jtK (t,u(t))= [ (u 2 (t) + u 2 x (t))^ jtK (t)dx, 

Jm 

where ^ jtK (t,x) = ^ k{x - Uj(t)) with yj(t), j = 2,..,N, defined in (|29|). 
Note that Ij(t) is close to \\u(t)\\H 1 (x>yj(t)) an d thus measures the energy at 
the right of the (j — l)th bump of u. Finally, we set 

cr = -min(ci,c 2 - ci,..,c N - c N -i^j . (41) 
In [15] the following monotonicity result is derived. 
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Lemma 4.2 Let u G Y([0,T[) be a solution of (C-H) satisfying \21^ on 
[0, to] . There exist ao > and Lq > only depending on c\ such that if 
< a < ao and L > Lq then for any 4 < K < L 1 ! 2 , 

h,K{t) ~ W°) < 0(e~^), Vj G {2, ..,#}, Vi G [0,t ] . (42) 

4.3 A localized and a global estimate 

We define the function $j = x) by $i = 1 - = 1 - - 2/2^)), 
= = - yjv(tf)) an d for i = 2, .., JV — 1 

*i = - = - ?/*(*)) - - Vi+i(t)) , 

where and the j/j's are defined in Section 4.2. It is easy to check that 

N 

^2 ®i, K = 1. We take L > and L/iT > large enough so that <£j satisfies 
i=i 

|1 - ®i, K \ < 4e"^ on [xi - L/4,Xi + L/4] (43) 

and 

\^%,k\ < 4e~«f on [xj — L/4,Xj + L/4] whenever j ^ i . (44) 

We will use the following localized version of E and F defined for i G 
{l,..,iV}, by 

= / <5>i(t)(u 2 +u 2 x ) and F$[u) = / $i(i)(u 3 + uu\) . (45) 

Please note that henceforth we take K = L 1 / 2 /8. 
The following lemma gives a localized version of (|18p . Note that the func- 
tional Ei and Fi do not depend on time in the statement below since we 
fix x± < .. < x j\f . 

Lemma 4.3 Let be given N real numbers x\ < .. < xtv wf/i x« — Xi-i > 
2L/3. Define the Ji's as in I129\) and assume that, for i = 1,..,N, there 
exists Xi G Ji such that \xi — X{\ < L/12 and u(xi) = maxu := Mj. Then, 

Ji 

for any u G H 1 (1R), it holds 

Fi{u)^MiEi{u)-^Mf + \\u \\ 3 Hl O(L- 1 / 2 ), i €{!,..,#}• (46) 
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Proof. Let i G {1, ~,N} be fixed. Following [6], we introduce the function 
g denned by 

, N f u(x) — u x (x) for x < xs 
q\x) = < , i ) i r 

y u{x)+u x {x) for x > Xi 

Integrating by parts we compute 

//•Xi r+oo 
ug 2 $i = / (u 3 + uul - 2u 2 u x )$>i + / (u 3 + uv 2 + 2u 2 u x )$i 
J— OO J Xi 

= Fi(u) - -u^Xif^ixi) + - / u 3 $; - - / n 3 d>; . (47) 

d d J -OO A JXi 

Recall that we take K = y/Z/8 and thus |$'| < C/K = 0(L~ x l 2 ). Moreover, 
since \x{ - Xi\ < L/12, it follows from (J35J that $ - i(xi) = 1 + 0(e~ Ll/2 ) 
and thus 

J ug 2 ^ = Fi{u) - iMf + \\u f H1 O(L- 112 ) ■ (48) 
On the other hand, 

nXi r+oc 

< Mi\Ei{u)-2j + 2 / uu x $i 

^ J —OO J Xi 

< M i E i {u)-2Mf + \\u f m O{L- 1 l 2 ) . (49) 

This proves (06]). 

Now let us state a global identity related to (| 1 7j) . 

Lemma 4.4 For any Z G IR^ suc/i £/taf \z% — ££_i| > L/2 and any u G -ff 1 

JV JV 
£(u) - £(<^) = || u - fl z ||^ + 4 ^ ci(«(«j) - a) + 0(e" L/4 ) . (50) 
i=l i=l 

Proof . Using the relation between y> an its derivative and integrating by 
parts, we get 

N 

E{u-Rz) = E(u) + E(R Z )-2J2 u<Pc i {--Zi) + u x d x <p c .(--z i ) 

N 



E{u) + E(PLz) -2j2ju<p Ci (-- zi) 

i=l 
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N r+oo N i-Zi 

+2^/ u x (p Ci (- - Zi) - UxVcii'-Zi) 
i=l Jz * i=i J -°° 

N 

E{u) + E(R Z ) - A^cMzi) . 



i=l 

On the other hand, since \z% — z%-\\ > L/2, it is not too hard to check that 

N N 

E{R Z ) = Eifpa) + 0(e" i/4 ) = 2 £ c 2 + 0( e - L / 4 ) . 
i=i i=i 

Combining these two identity, the desired result follows. 

As a consequence of this lemma, we obtain an estimate on the H 1 distance 
between u(t) and Rx(t)- 

Lemma 4.5 Under the same hypotheses as in Lemma \4-l\ the function 
X = (xi, ..,xjsr) constructed in Lemma \4.1\ satisfies on [0,to], 

IK*) - R x(t) \\ m < 0{a) + 0(e" L / 8 ) . (51) 

Proof. Since u(t) G U(a,L/2) for t G [0, to], on account of Lemma 14.11 
for any t G [0, to] there exists Z = (z\,..,z n ) with z% G Ji{t) such that 
E(u(t) — Rz) = 0{a 2 ). Recalling that u(t,Xi(t)) = maxj t ( t ) u(t), we deduce 
(I5TD from (1501). 



4.4 End of the proof of Theorem 11.11 

Recall that Ya=i e i{ v ) = E ( v ) for an Y v G ^{JR). From © it is easy to 
check that 

N 

E{u{t)) = E(uq) = Y, E & Cj ) + 0(e 2 ) + 0(e~ L / 4 ), Vt G [0,T] . (52) 
i=i 

Let us set M, = u(to, Xi(to)) and 5i = q — Mj. To conclude the proof, it 
thus suffices to prove that there exists C > which does not depend on A 
such that 

Si < C(e + L~ 1/4 ) for all i (53) 

Indeed, in this case ([52]) and ([50]) . with Z = X(to), ensure the existence of 
C > independent of A such that 

N 

\\u-Y.Vc 3 {- ~x 3 )\\ m <C{e 1 ' 2 + L- 1 '*), 
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so that one can take A = 2C to conclude the proof (Recall that we already 
know from pg ]) -lj50 ]) that x { - x { -\ > 2L/3 for i G {2, ..,N}). Let us prove 
(|53p . From (|46p by taking the sum over z one gets : 



TV TV TV 

F(u(t )) = < ]TM^(u(i )) - -^Mf + O^ 1 / 2 ) 

Setting A*° J F(u) = F(u(t )) - F(u(0)) and A*°£(u) = E(u(t )) - E(u(0)), 
this implies 

TV TV TV 

= A t °F(u) = Y,K° F i(u) < ^MiA* Si(«)-2/3^M? (54) 

i=l i=l 1=1 

TV 

--1/2X 



+ J^(-Fi(«o) + MiEiiuo)) + 0(L-!/ 



i=l 



By ([6]), the exponential decay of the y Ci 's and the <£i's, and the definition 
of £Jj and Fj, it is easy to check that 

|^(«o) - % Cl | + - i 7 ^,! < 0(£ 2 ) + O(e^), Vie {!,.., N} . 



Setting Mq = and using (|2ip. one thus finds after having substituted Mi 
by q — <5j that 

TV TV 

£(-Fi(uo) + M 4 £ 4 (u ) - 2/3Mf) = 2 + -<5f ) + 0(e 2 ) + 0( e -^) . 

i=i i=i 

(55) 

Note that by ([5"T]) and the continuous embedding of H l (]R) into L°°(M), 
Mi = a + 0{a) + 0(e~ L / 8 ), and thus 

< Mi < •• < M N and $ < a/2 (56) 

for ao = A(^J~eq + L ) small enough. Using the Abel transformation and 
the monotonicity estimates ()42|) . we thus get 

TV TV _ 

^MiAlEiiu) = J2( M i ~ M i-i) A oIi < 0( £ 2 + e-^) . (57) 

i=l i=l 

Injecting ([55]) and ([5?]) in ([54]) we obtain 

TV _ TV 



][>A 2 - ^(i) 3 ) = J2$(a - itfi) < 0(e 2 + L-V2). (58) 

j=l i=l 

56]) and ([58]) yield ([53]) and concludes the proof of the theorem. 
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5 Proof of Corollary 11.11 



As written in the introduction, Camassa and Holm discovered that (J1J) pos- 
sesses special solutions given by 



N 



u(t,x) = J" Pi (t)e\ x - q 'W (59) 



=i 



where the (pi,qi) £ (M ) satisfy the Hamiltonian system 

\ Qi — 2^j=iPj e (60) 
^ Pi = Y,f=iPiPjsM n i - qj)e-\ qi - q i\ . 

It is easy to check that the local solution of this differential system can be 
extended as soon as the q[s stay distinct from each other. In [18], Holden 
and Raynaud proved that this is indeed the case if at time t = 0, the pi are 
all positive , i.e. there are only peakons (the case with only anti-peakons 
works also but in the case with peakon and anti-peakon this is no longer 
true). More precisely, they proved that if at time t = 0, 

PX, ..,Pn > and q 1 < q 2 < qN (61) 

then (|61 j) remains true for all time. In particular, under these hypotheses 
the different peakons never overlap each others. For example, if a larger 
peakon follows a smaller one, it will come close to this last one and then 
transfer part of its energy to it. In this way, the smaller one will become 
the larger one and the two peakons will be well ordered. In [1] (see also 
[3]), using the integrability of Beals et al established a formula for the 
asymptotics of the g^'s and the p^s. In particular, they prove the following 
limits for the pi and <ji, i € {1, .., N}, 



and 



lim pi(t) = lim = A; (62) 

t— >+oo t^+oo 



lim pi(t) = lim = Xn+i-i , (63) 

t^— oo t—>— oo 



whereO < Ai < •• < Xn are the eigenvalues of the matrix (pj(0)e \ qi ^ qj ^°'^ 2 ) i , 3 - 



Remark 5.1 The matrix An := (pje l ?< Qj ^ 2 )i<i,j<N is obtained by sub- 
stituing the multipeakon solution $59\) in the isospectral problem 



*xx = ( ^ ) with m = u - u xx, (64) 
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associated with the Camassa-Holm equation. More precisely, any solution of 
\64\) with m = 2^2i = xPi5qi, that vanishes at ^foo, is completely determined 
by its values at the qj 's and satisfies 

N 

\^{ qi ) = ^Pi e_k< "* l/2 *fe), Vi E {1, .., N} . (65) 

3=1 

In £fJ/ ; |g^[ ) is transformed into a density problem on [—1,1] by applying a 
Liouville transformation. The corresponding N-multipeakon matrix is then 
proved to possess N distinct positive eingenvalues. The arguments of fl^ 
hold also clearly for An- Indeed, first since for any fixed X, (64\ ) has clearly 
at most one solution (up to multiplication by a scalar) that vanishes at ^oo, 
it follows that the eigenvalues of An are all of geometric multiplicity one. 
Next, setting D = diag(jpi) and A+j = e~^ qi ~ q ^l 2 , An can be rewritten as 
DA. Since A is symmetric with An = 1 and |Ay| < 1 for i ^ j, A is actually 
positively defined. Therefore there exists B a symmetric positively defined 
matrix such that A = B 2 . It is then easy to check that Ajy and BDB have 
got the same spectrum and since BDB is symmetric positively defined, this 
ensures that An possesses N distinct positive eigenvalues. 

Now, let be given (pi(0), %(0)) satisfying (|6T|) and 7 > 0. From the 
asymptotics above there exists T > such that 

qi (T) - % _!(T) > L and fi (-T) - > L (66) 

with 

^max/Lo,^) 8 ) • (67) 



'2A J 

From the last assertion of Theorem 12.11 for any given B > 0, there exists 
a > such that if uq satisfies © then for all t G [— T, T], 



^t) - X>(i)el*-<^)l ^<(^) 4 . (68) 
i=i 

At this stage, it is crucial to remark that since is invariant under the 
transformation (t, x) 1— > (— t, —x), Theorem 11.11 remains true when replacing 
t by —t, z® by — z® and xj(t) by —Xj(—t). This gives a stability result in the 
past for trains of peakons that are ordered in the inverse order with respect 
to Theorem 11.11 

Combining (|66p . (|68p . Theorem 11.11 and the remark above, the first part of 
the corollay follows. 
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Finally, from ([62]) - ([63]) . we can also assume that 
\ P i(T)-Xi\ < 
so that 



1 (J_Y and \ Pi (-T)-X N ^\ < — !— f-L 



lOOiV \2A 



WON \2A 



N 



i=l 



m ~ \2A 



N 



u(-T)-£A*_,el*-*<-^ 



i=i 



<(- 
m ~ \2A 



This completes the proof of the corollary. 



6 Appendix 



Proof of Lemma \4-%\ Let us assume that u is smooth since the case 
u € Y([0,T[) follows by modifying slightly the arguments (see Remark 3.2 
of [H]). From f)13[) . it is not too hard to check that for any smooth space 
function g, the folllowing differential identity on the weighted energy holds 



d_ 



/ {u 2 + u x )gdx = / (v 3 + Auu 2 x )g dx 
Jn Jn 

- / u 3 g"'dx- / ug {I- dl)~ l {2u 2 + u 2 x )dx.{m) 
Jn Jn 



<n Jn 
Applying ([69]) with g = ^> j,K one gets 
d_ 

dt .in Jn 



/ ^j, K (u 2 + u 2 x )dx = -yj ^' jK (u 2 + u 2 x )+ ^' jK {u 3 + Auu 2 x )dx 
Jn Jn, Jn 

- [ *;'> 3 dx - I %, K u (1 - d 2 x )-\2u 2 + ul) dx 
Jn Jn 

< ~ I %k(u 2 + u 2 x ) + J1 + J2 + J3. (70) 
2 Jn 

We claim that for i £ {1, 2, 3}, it holds 



±(a t+L/8) 



(71) 



To handle with Ji we divide M into two regions Dj and D c - with 



Dj = [xj-i(t) + L/4,Xj(t) - L/4] 
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First since from (|28p . for x £ , 

\x - y 3 {t)\ > *1® ~^~ l{t) - L/4 > C ^f± t + L/8. 
we infer from the definition of \& in Section 14.21 that 



On the other hand, on we notice, according to (|27p . that 

AT TV 

IK*)lkg>. < X] H^ c i(' ~ + ll u - ^ ~ £ i(*))IU«(i>i) 

J 1=1 1=1 

< Ce- L / 8 + 0(^) . (72) 
Therefore, for a small enough and L large enough it holds 
Ji<|/ K ^ 2 + ^) + ^e-^ + W8). 

Since J2 can be handled in exactly the same way, it remains to treat J3. For 
this, we first notice as above that 

- f uV hK {l-dl)-\2u 2 + u 2 x ) 

< 2||«|| D0 sup \V jtK (x - yj (t))\ [ e~W * (u 2 + n 2 ) o!x 



C, „H _l( CTot+L / 8 ) 



^ II ~<Jl\jJl 



(73) 



since 

VfeL^M), (l-d 2 x r l f = \e-\*\*f. (74) 

Now in the region Dj, noticing that K and v? + u 2 /2 are non-negative, 
we get 

- / u^ K {l-dl)-\2u* + ul) 
J Dj 

< ||tx(t)|Ucc (Dj) ! V hK {{l-dl)-\2u 2 + u 2 x ) 

JDj 

< ||«(t)|Ucc (Dj) / {2u 2 + ul){l-dl)- 1 ^' hK . (75) 

JJR, 
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On the other hand, from the definition of \P in Section \A. 21 and (|74p we infer 
that for K > 4, 

(1 - %)V jtK > (1 - jp)V jt K => (1 - ^r 1 *;,* < (1 - • 



Therefore, taking X > 4 and using (1T2|) we deduce for a small enough and 
L large enough that 

- / u*k(l - ^)~ 1 (2n 2 +ul)<^l (u* + . (76) 

This completes the proof of (|71|) . Gathering (|7U|) and (|7ip we infer that 

Integrating this inequality between and t, (|42p follows. 
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